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ABSTRACT: An equivalent single-degree-of-freedom (SDOF) model has been applied 
in the study of multi-storey structures in earthquakes for several decades. In this 
experimental research, the consequence of SDOF and multi-degree-of-freedom (MDOF) 
modelling for seismic response of a multi-storey building was investigated. The SDOF 
model was generated by considering only the fundamental mode of the structure and the 
MDOF model was a simplification of a prototype. Both models were scaled by 
Buckingham π theorem and excited by different ground motions simulated based on 
Japanese design spectra. After normalising the obtained results, they were displayed in 
frequency domain for discussion. It was found that the SDOF model was not suitable for 
describing high frequency components of earthquake induced vibrations in the structure. 

1 INTRODUCTION 

Depending on the purpose of the experiments, researchers selected different models to idealize the 
relevant aspects of structural behaviour. For example, Qin and Chouw (2010) used a SDOF model to 
investigate the effect of uplift on a three-storey building, and Wu and Samali (2002) considered a five-
storey benchmark model to study the base isolation effects. Decanini et al. (2001) showed that a SDOF 
model was suitable for modelling the global behaviour of structures. A MDOF model can improve the 
simulation of overall performance and to a certain degree also the local behaviour. To further 
understand the consequence of structural modelling, this study focuses on the frequency content of the 
structural seismic responses, which reflects the induced vibrations and the impact of these vibrations 
on secondary structures attached to the main structure. In this study, a five-storey structure was 
modelled as a MDOF model and a SDOF model, and two earthquake excitations with different 
frequency contents were simulated by a shake table. The experimental results were discussed in the 
frequency domain. The Fourier spectrum was computed by Fast Fourier Transformation (FFT) with ∆f 
of 200 Hz which reflects how the amplitude of the considered acceleration is distributed with respect 
to frequencies. 

 

2 SDOF MODEL 

Seismic response of a linear MDOF structure can be idealised as a composition of modal response: 
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where, u(t) = displacement of the structure; n  = mode shape of the nth natural vibration mode; Y(t) = 
modal displacement as function of time; N is the number of considered modes (Chopra, 2007). 

By applying the orthogonality properties, the equations of motion of the MDOF system can be 
simplified to N SDOF equations, where the equivalent mass Mn

* of each mode is: 
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where, mj = mass of jth DOF; nj = jth element of the nth natural vibration mode n . 

From the equilibrium of moment at the structural support, the equivalent height 

nh  of the n
th mode 

corresponding SDOF structure can be determined: 
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where, hj = height of the jth DOF from the base. 

3 SIMPLIFICATION OF EXPERIMENTAL MODEL 

Models that only considered shear deformations of a frame structure are often used in the 
investigations. However, researchers have shown that the model which neglects overall flexural 
deformation may lead to errors in the estimation of buildings’ responses in earthquakes (Uang & 
Maarouf, 1993; Chopra & Cruz, 1986).  

To study the combination of flexural and shear deformation in a frame structure, a dimensionless 
factor  (beam-to-column stiffness ratio) was introduced by Blume (1968), which is defined as the 
ratio of the sum of the stiffness from all the beams at the midheight storey of the frame over the sum 
of the stiffness from all columns at the same storey. When = 0, the frame deforms only by flexure 
and behaves like a cantilever column; when  = ∞, the frame has only shear deformations which occur 
only on columns; an intermediate  value indicates a combination of both types of deformations 
(Miranda, 1999). This parameter controls the fundamental frequency, the relative closeness or 
separation of the natural frequencies, and the shape of the natural modes (Chopra, 2007). Therefore, it 
should be considered in the analysis of dynamic behaviour of frame structure. For simplicity in this 
preliminary study, relatively stiff beams were selected. 

4 EXPERIMENTAL INVESTIGATION 

4.1 Prototype 

The prototype was a five-storey office. Figure 1 gives the beam and column arrangements and the 
front view of the building, respectively. 

                                 
       (a)  Beam and column arrangement                                              (b) Front view of the building 

Figure 1. The considered building 



3 

The columns were 310UC158, the beams were 410UB53.7 ( 752.0
2


c

b

I

I
 ) and reinforced 

concrete slab with 150 mm thickness was on each level.  Based on the New Zealand Standard for 
structural design actions (NZS 1170.5, 2004) and design capacity tables for structural steel, the 
selected seismic mass were 20,000 kg for the roof and 25,000 kg for each floor; the constant lateral 
stiffness of each storey was 3.42E7 N/m. Table 1 shows the mode shapes and natural frequencies of 
the prototype.  Additionally, a SDOF system was generated for the prototype, with a mass of 105,800 
kg, a height of 10.23 m, and a fundamental frequency of 1.72 Hz. 

           Table 1: Calculated mode shapes and natural frequencies of the prototype 

 

4.2 Experimental models 

A prototype normally must be reduced to a model which suits the capacity of experimental facilities. 
The reduced scale model requires a dimensional analysis to ensure that both systems provide a defined 
set of physical quantities in a similar way. Buckingham π theorem (Buckingham, 1914) was applied to 
conduct this analysis. 

For the dynamic analysis of a structural model, three independent fundamental physical quantities 
have been adopted: Length (L), mass (M) and time (T); and the analysis is reduced to relationships 
among (i-3) dimensionless variables based on Buckingham π theorem. 

In this study, the considered i physical quantities could be separated into two different sets: one 
represented characteristics of earthquakes, i.e. frequency and ground acceleration; another displayed 
the properties of the structure, i.e. its lateral stiffness, dimensions and mass. To scale the structure and 
the excitation simultaneously, the frequencies and accelerations of the ground motions were written as 
a function of structural stiffness, dimensions and mass. Two dimensionless groups were then 
generated by finding the dimensional constants:  
 

π1 = f×(m/k)
0.5                                                                                                                  (4) 

π2 = (a×m)/(l×k)                                                                                                             (5) 

By matching these dimensionless groups, the scale factors of all considered physical quantities were 
then determined in Table 2. 

Mode 
Number 1st

 2nd
 3rd

 4th
 5th

 

Mode  
 

Shapes 

     
Natural 

frequencies  
(Hz) 

1.72  5 7.69 10 11.1 

Mass 
Participation 

Factor 
(%) 

88.1 8.6 2.4 0.7 0.1 
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To simulate the lateral stiffness of both models, PVC material was selected. To obtain the same 
fundamental frequency, scale factors of mass and stiffness for the two models were different. The 
fundamental frequencies of the SDOF and MDOF models were equal to 1.72 Hz, and the damping 
ratios were 4.5 % and 6.6 % for the SDOF and MDOF models, respectively. 

Table 2: Scale parameters of the models 

Physical quantities Dimensions Scale factors 
Length (l) L 15 

Mass (m) M 
20360* 

12140 ** 

Stiffness (k) MT-2 20360* 
12140** 

Frequency (f) T-1 1 
Acceleration (a) LT-2 15 

Beam-column stiffness ratio (  ) - 1 

Strain ( ) - 1 
*scale factor for MDOF model and **scale factor for SDOF model 

4.3 Test setup 

Both MDOF and SDOF models were fixed on the shake table. Sand boxes were added on top of each 
beam to simulate uniformly distributed mass. To record accelerations, accelerometers were fixed on 
the top of the SDOF model and each storey of the MDOF model, as well as on the edge of the shake 
table to measure the actual shake table movements. Figure 2 shows the test setup for the SDOF and 
MDOF models, respectively. 

(a)                 (b)  
Figure 2. Test setup. (a) SDOF model and (b) MDOF model  

5 RESULTS AND DISCUSSION 

5.1 Interrelation between considered structure and actual ground motions  

The considered ground excitations were medium and hard soil motions simulated based on Japanese 
design spectra (Chouw and Hao, 2005). The accelerations sent to the shake table and the actually 
recorded shake table accelerations were normalised with respect to their corresponding maximum 
value. In Figure 3, the Fourier spectra of the applied medium soil motion and the actually recorded 
accelerations of the shake table carrying the MDOF model are compared. The frequency content of the 
applied ground excitation is reduced significantly due to the increased mass of the model-shake table 
system. With the additional mass of the MDOF model, part of the energy is used to overcome the extra 
resistance. The predominant frequencies of the applied signal range from 0.6 to 1.2 Hz, while that of 
the recorded shake table motions are between 0.6 and 3.2 Hz. This difference appears, because the 
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model activates additional high frequency inertia forces, and hence higher frequency movements of 
the table are recorded. 

 

Figure 3.  Fourier spectra of the applied ground motions and recorded shake table motions 

From Figure 4, it can be seen that the spectra of the actual shake table motions with MDOF and SDOF 
models match well, except for the frequencies ranging around the natural frequencies which are 
indicated by the vertical dashed lines. The structure has the strongest responses at its natural 
frequencies, and the difference of the effect of these two models on the shake table movements is due 
to their different activated inertial forces.   

Figure 4.  Fourier spectra of the actual shake table motions 

5.2 Induced accelerations 

Figure 5 shows the normalised accelerations at the top of both models under medium soil motions in 
frequencies range from 0 to 16 Hz. The identified large spectrum values of the MDOF model are at 1.8 
Hz, 5.1 Hz, 8.6 Hz, 12.0 Hz and 14.8 Hz, and the first large spectrum values of both the MDOF and 
SDOF models’ responses occur at almost the same frequency. These frequencies are similar to the 
calculated natural frequencies in Table 1 and the slight difference might come from the influence of 
ground motions. 
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Figure 5: Fourier spectra of accelerations at the top of the structure 

As shown in Figure 6, the frequency content of the accelerations of the SDOF model is similar to that 
of the MDOF model around the fundamental frequency. In this frequency range the first large 
amplitude at level 5 is 1.6 s, while that of the SDOF model is 1.0 s (57 % less). The higher mode 
contribution of the MDOF model can also be observed at other frequencies. Around the second natural 
frequency of MDOF model (5.1 Hz), the amplitude at level 5 is larger than that of the first mode. 
Thus, at this location the second mode has the largest contribution to the induced accelerations. 

Figure 6. Fourier spectra of accelerations at different structural locations 

It is clear that SDOF model is not able to present the higher mode contribution of the MDOF structure, 
and also underestimates the effect of higher frequency components of the ground excitation. This 
limitation can cause an incorrect prediction of the design loading when a secondary structure is of 
concern. For example, if a lamp with a natural frequency of 3.9 Hz is installed at the ceiling of level 5, 
the magnitude of induced vibrations at the lamp support will be underestimated when the main 
structure is described by a SDOF model.  

In Figure 6, the excited second mode produces less dynamic loading at the level 4 than that at the level 
5. This observation agrees well with the second mode shape displayed in Table 1. 

5.3 Influence of ground motion characteristics 

To study the influence of ground motion characteristics, an additional hard soil motion is used for a 
comparison. Figure 7 points out that in almost all considered frequency range the amplitude of the 
hard soil motions is larger than that of the medium soil motions. The predominant frequencies of the 
hard soil motions range from 2.3 to 4.3 Hz and that of the medium soil motions range from 0.9 to 1.1 
and 2.4 to 4.0 Hz. 
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Figure 7. Fourier spectra of recorded accelerations of the shake table with the MDOF model on it 

In Figure 8(a) it can be seen that the first large spectrum value of the response due to the medium soil 
excitation occurs at 1.8 Hz, which is close to the fundamental frequencies of the SDOF and MDOF 
models. The response of the MDOF model (solid line) has the largest spectrum value at the second 
structural natural frequency of 5 Hz, and this value cannot be obtained when the SDOF model is 
considered (dotted line). The influence of the excited higher modes in the response can be seen from 
the spectrum values between these two natural frequencies. This consequence of higher modes also 
can be observed in the response in the frequency range beyond the second natural frequency of 5 Hz. 

Compared to the response due to the medium soil excitation, the response due to the hard soil 
excitation is stronger (Figure 8(b)). While at the frequency of 1.7 Hz, the excitation causes the first 
strong response of both models. However, the other strong response that occurs at a higher frequency 
of 2.4 Hz cannot be observed in the response of the SDOF model. As it can be seen from the 
frequency content of the excitations in Figure 7, the hard soil excitation is more pronounced in the 
higher frequencies above 3 Hz. This high frequency content of the excitation and the capability of 
MDOF model cause the larger response in the higher frequency range above 3 Hz. 

 

 

Figure 8. Fourier spectra of accelerations at top of the models. (a) Medium and (b) hard soil excitations 
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6 CONCLUSIONS 

This experimental study compared the frequency contents of the seismic responses of SDOF and 
MDOF models to reveal the consequences of experimental modelling. Both scaled models were 
excited by ground motions with different frequency contents using a shake table. The investigation 
shows: 

 SDOF model cannot reflect the interaction between the structure and the shake table properly 
at the structural natural frequencies and their vicinity. 

 The higher the frequency content of the excitation, the less capable the SDOF model will be in 
capturing the effect of the load on the structural responses. 

 Use of SDOF model can have a significant consequence for proper design of secondary 
structures due to the underestimation of the load. 
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