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ABSTRACT: To enable expected seismic displacement demands on building systems to
be accommodated, the knowledge of its dependable displacement capacity is
indispensable.  A rational and simple approach to relevant displacement estimates is
presented.  The displacement capacity of a ductile system is controlled by either that of its
clearly identified critical element, or by magnitudes of storey drifts satisfying codified
performance criteria or those chosen by the designer.  Attractive features of this design,
rather than analysis-oriented, approach are:  Displacement capacity estimates do not
require the knowledge of seismic strength.  The designer may assign fractions of the
lateral design forces, eventually required, to various elements, to suit design intentions
and practicality in construction, with disregard for traditionally perceived values of
element stiffness.

1 INTRODUCTION

In meeting seismic design criteria for building systems, increased awareness of the importance of
displacement estimates has become evident.  Our existing force-based seismic design procedures
appear to focus on provisions for adequate seismic strength.  The latter is made dependent on the
response of a hypothetical elastic system with crudely estimated stiffness and unrealistic large
strength.  In the process of applying this traditional technique, we seem to have ignored the fact that
the stiffness of the hypothetical elastic and the real reinforced concrete system, eventually expected to
respond in a ductile manner, are incompatible.  This oversight is likely to result in significant errors in
the estimation of displacements.

It may be argued that an overestimation of system stiffness will generally lead to a conservative
estimate of the required seismic strength.  It should be conceded, however, that displacements,
associated with most performance criteria but based on inflated stiffness, may be grossly
underestimated.

This concern initiated studies addressing displacement estimates based on approximations, considered
to be significantly more realistic than those used in our existing design procedures.  The prime
motivation for such studies was to develop:

• A more realistic displacement focused rationale in seismic design strategies

• Simple tools to enable displacement limits for ductile systems to be established before the
commencement of the design procedure

• Techniques in the assignment of fractions of the required system seismic strength to elements and
components, which would enable practical, simple and more efficient conditions for construction
to be arrived at.

The concepts proposed are particularly applicable to conventional reinforced concrete buildings.  To
demonstrate applications, systems comprising lateral force-resisting elements with very different
structural characteristics, such as frame-wall (dual) systems have been chosen.
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A major source of the claimed simplicity in displacement estimates, is the assumption that, for
purposes of seismic design, familiar nonlinear force-displacement relationships for reinforced concrete
components, elements and systems, may be replaced by bilinear simulation.  Such modelling enables
also more realistic behavioural relationships between different elements of ductile systems to be
established.  The choice of seismic strength should then ensure that the maximum lateral displacement
demand, associated with a given seismic scenario, is not likely  to exceed the quantified displacement
capacity of the system.  The study attempts to respond to some routine design questions, such as:

• How to estimate the realistic stiffness of a component or the system, subjected to actions due to a
given set of lateral design forces?

• What are the limitations to be imposed on the displacement ductility capacity of a system, to
ensure that the displacement capacities of its critical elements are not exceeded?

Within the prescribed limit of this presentation, only highlights of the perceived strategy and
restatements of more important relevant principles could be considered.  Details, including numerical
applications to prototype mixed structural systems, have been previously presented.  References to
these are made in appropriate sections.

2 DESIGN CRITERIA FOR DISPLACEMENTS

In accord with generally recognized current aims of performance-based seismic design, maximum
displacements should be limited by:

• The displacement capacities of critical elements corresponding with appropriate, i.e., codified
quality, of detailing in the critical regions. This may also be expressed in terms of their
displacement ductility capacity.

• Evaluated absolute quantities, expressed in terms of storey drifts. These need to satisfy values
corresponding with specifically chosen performance criteria.

The more severe limit will then establish the target displacement capacity of the system.

3 BENCHMARKS OF DISPLACEMENT ESTIMATES

Ingredients of displacement estimates of ductile components and systems, details of which may be
found elsewhere (Paulay 2000, 2001a, 2002a), are briefly summarized in this section.

3.1 Nominal Yield Curvature

As the major contributions to flexural deformations in a component originate in potential plastic
regions, yield curvatures at critical section are of great importance.  The nominal yield curvature at the
critical section of component i may then be estimated as

( ) ( ) iyiiyyiniyi D/D/M/M εηξεφ ==  (1)

where Mni/Myi = ratio of the nominal and flexural yield strengths of the critical section, ξ = ratio of the
distance to the neutral axis, measured from the extreme tension fiber, and the overall depth Di of the
section, and εy = yield strain of the reinforcing steel used.  The value of ηi = (Mni/Myi)/ξ depends on
the shape of the section, the quantity and arrangement of the reinforcement and the relative intensity of
any axial load on the component.  For beams and walls the value of ηi varies between rather narrow
limits.  It may be readily estimated (Paulay 2002a). The important parameter to be noted is εy/Di.
Contrary to traditionally used evaluations, the nominal yield curvature, φyi, is not sensitive to the
flexural strength assigned to a reinforced concrete component (Priestley and Kowalsky 1998).  For
seismic design purposes, the replacement of the nonlinear relationships by bilinear ones, as shown in
figure 1, should be considered acceptable.
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Figure 1.   Bilinear simulation of a strength-displacement relationship

3.2 Nominal Yield Displacement

Once the moment pattern relevant to a component and locations at which developments of nominal
yield curvatures are to be expected, are known, the corresponding nominal yield displacement, ∆yi, can
be estimated.  For example for a cantilever wall

yerii
2
eyiyi hAChC εηφ∆ == (2)

where C = coefficient associated with the relevant moment pattern, he = height above the base at which
the lateral displacement is of interest, and Ari = he/Di is the relative aspect ratio of the wall.  It is
evident that, irrespective of their nominal strengths, elements of a system, having different
dimensions, i.e., aspect ratios, will commence yielding at different yield displacements (Paulay 2000,
2001a).  Shear deformations, for example in walls, may increase the nominal yield displacement to
some extent.  Generally they will have negligible effects on critical storey drifts generated in walls.

3.3 Nominal Yield Drift

The estimation of the maximum storey drift requires first the location of the storey, where this is likely
to occur.  In cantilever walls subjected to a single lateral force at the level of interest, he, the wall
rotation - a good measure of storey drift in dual systems - is

( ) riyieywyw A5.02/h εηφθ == (3)

This expression shows that, irrespective of their dimensions, walls with similar arrangements of
reinforcement and identical aspect ratios, Ari, will exhibit the same nominal yield drift angle, δyw = θyw.
This conclusion is significant.  As subsequently shown, it will enable nominal strengths, Vni, leading to
prescribed storey drifts, to be efficaciously assigned to walls.

3.4 Component and System Stiffness

As figure 1 shows, the stiffness of a component or element may be conveniently defined as

yinii /Vk ∆= (4)

It should be noted that, contrary to traditional usage, the stiffness of a reinforced concrete lateral force-
resisting element is proportional to the nominal seismic strength, Vni, assigned to it by the designer.

The stiffness of a system, comprising such elements, is then Ks = Σki.  A system, having elements with
different nominal yield displacements, cannot have an explicit nominal yield displacement. However,
its equivalent value may be defined as ∆ys = Vns/Ks, where Vns is the nominal seismic strength, i.e., total
base shear capacity, of the system.  Interpretations and use of this convenient approximation are
shown in figure (3).

If, after its design and detailing, the estimation of the elastic seismic behaviour of a reinforced
concrete structure with known nominal flexural strength, Mni, of its components, is of interest,
standard analysis techniques may be used.  The effective flexural rigidity of the cracked sections of
reinforced concrete components may then be assumed to be (EcIe)i = Mni/φyi.
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4 A DUCTILE FRAME-WALL SYSTEM

4.1 Structural Properties

To illustrate important features of displacement estimates, and their applications, an example frame-
wall structure is considered in this section.  The 12 storey symmetrical reinforced concrete structure
comprises seven identical frames and two identical full height walls.  For purposes of analyses, the
frames and walls may be condensed into one equivalent frame and one wall.  This is shown in
figure 2(a).  For convenient interpretation of relationships, structural dimensions are expressed in
terms of the total height, h.  The overall depths of the walls and beams are Dw = 0.140h and Db =
0.018h, respectively.  Column dimensions, Dc, vary between 0.014h and 0.018h.  The relative total
lateral design force, i.e., base shear, in form of a customary inverted triangle, is assumed to be unity,
i.e., Vb = 1.0.  Because nominal yield displacements (equation (2)) are independent of strength, for
displacement estimates, the latter need not be known.  The corresponding overturning moments, M,
and storey shear forces, Vs, are presented in figures 2(b) and (c).

Figure 2.  Strength assignments to elements of a frame-wall system leading to its displacement predictions

Because the behaviour of the wall element will control system deformations, attention is focused on
wall properties.  It is anticipated that the two criteria, listed in section 2, may result in similar
displacement restrictions.  For this example a wall displacement ductility of µ∆w = 5.0 (NZS 3101) and
an associated drift limit of 2.5% are assumed.  The purpose of the example is to illustrate how critical
displacement limits are identified before the required seismic strength of the system is established.

As equation (3) suggests, the relationship between storey drift and displacement ductility is influenced
by the yield strain of the steel, εy, and the effective aspect ratio, Ari, of a wall.  Previous studies (Paulay
& Priestley 1992) have indicated that for the target displacement limits, Ari ≈ 3.6 when εy = 0.002.
Hence, the effective height of the wall element, shown in figure 2(a), is taken as he ≈ 3.6 x Dw = 3.6 x
0.14h ≈ 0.5h.  This requirement determines the point of contra flexure of the wall and, therefore, the
desirable fractions of the total strength to be assigned to the two elements.

4.2 Assignment of Element Strengths

As figure 2(b) shows, in the lower half of the walls an approximately linear moment pattern is
obtained if the nominal strength of the frame element is such that at level he = 0.5h, i.e., in the 6th

storey, it resists the entire overturning moment, M = 0.232hVb.  A desire for simplicity and practicality
suggests that the shear to be assigned to every storey of the condensed frame be the same.  This
corresponds to the application of a single horizontal design force at level 13 of the frame of Vnf =
0.232hVb/0.5h = 0.464Vb. This contribution to constant storey shear resistance of the frame element is
shown in figure 2(c), where the shaded area indicates the shear forces assigned to the wall element.
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In a frame system without any walls, each of the 9 frames would need to resist in the first storey
11.1% of the total base shear.  In this dual system, every storey of the frames needs to resist only
46.4/7 ≈ 6.6% of the base shear.  This assignment of seismic strength to frames enables identical
beams with identical detailing of the reinforcement to be used at all levels.

The moment pattern relevant to the wall element, shown shaded in figure 2(b), implies that the
maximum slope of the wall, controlling the critical storey drift, is in the 6th storey.  To ensure that the
walls remain essentially elastic above the base, the vertical flexural reinforcement should be curtailed,
if at all, in accordance with the principles of capacity design (NZS 3101).

4.3 Nominal Yield Deformations

Deformations associated with a wall moment pattern, shown in figure 2(b), may now be readily
estimated.  The yield strain of the reinforcing steel was assumed to be εy = 0.002.  From equation (1),
with a typical value of ηi = ηw ≈ 1.8 (Paulay 2002a), the nominal yield curvature at the base section of
the walls will be φyw = 1.8 x 0.002/(0.14h) = 0.0257/h.  For design purposes, wall moments over the
effective height, he = 0.5h, may be assumed to vary linearly, as shown by the thin dashed line in
figure 2(b).  Hence, with C = 1/3, from equation (2) the nominal yield displacement of the walls at the
point of zero wall moment will be

h00214.0h3/)h5.0(x0257.0 2
yw ==∆ (5)

The nominal yield rotation (slope) of the wall at this level will be from equation (3)

rad00643.02/5.0x0257.02/heywyw === φθ (6)

Hence the nominal storey yield drift of the structure will be in the order of δyw = 0.64%.

Estimates may also be made for the nominal yield drift of any storey of the frame.  Assuming that a
strong column - weak beam frame system is used, nominal story yield displacements will be
dominated by nominal yield curvatures at critical sections of the beams and the aspect ratios, Arb, of
the beams.  With some allowance for shear, joint and flexural deformations of elastic columns, it has
been shown (Priestley 1998) that the nominal storey yield drift in frames can be approximated by

rbyyf A5.0 εδ = (7)

In the example structure Arb = 0.21/0.018 = 11.7 (figure 2(a)) and hence δyf  = 0.5 x 0.002 x 11.7 =
0.0117 rad. Therefore, at the attainment of the nominal wall yield drift of 0.0064 rad at level he, only
55% of the nominal yield drift and hence nominal storey shear strength of the frames is to be expected.

4.4 Inelastic Wall Displacements and Ductility Relationships

The two displacement limits, quoted in section 4.1, need to be evaluated.  It is expected, and it will be
subsequently confirmed, that the associated displacement ductility demands on storeys of the frame
element are well within their capacities.

The maximum wall rotation in the vicinity of level 7 needs thus to be limited to

upwywuw rad025.0 δθθθ ==+= (8)

where θpw = rigid body rotation of the wall element after the development of a plastic hinge at its base.
This plastic rotation is, therefore, limited to θpw = 0.025 - θyw = 0.025 - 0.0064 = 0.0186 rad.  The
corresponding lateral wall displacement at level he will be

( )pepwpw 5.0h l−=θ∆ (9)

where Ρp = equivalent plastic hinge length, estimated (Paulay & Priestley 1992) in this case to be
0.36Dw = 0.05h.  Therefore, ∆pw = 0.0186(0.5 - 0.5 x 0.05)h = 0.00884h.  The total wall displacement
at this level would be ∆u = (0.00214 + 0.00884)h = 0.011h.  Hence the associated displacement
ductility of the walls, in terms of lateral displacement at level he, is µ∆w =  0.011h/0.00214h = 5.14 ≈
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5.0.  The maximum storey drift, associated with limitation imposed by ductility capacity, is thus in the
order of 2.4%.

Configurations of the estimated wall deformations, and hence those of the system, associated with
distinct stages of behaviour, are presented in figure 2(d).  It enables also corresponding displacements
at the approximate level of the accelerated mass, hm ≈ 0.7h, to be estimated.  These are also shown in
figure 2(d).

Equation (7) indicated that the nominal yield drift of the frames is in the order of 1.17%.  Therefore,
the displacement ductility imposed on the frames in the 6th storey, where the storey drift is restricted to
2.4%, will be in the order of µ∆f = 0.011/(0.5 x 0.0117) ≈ 1.9.

4.5 Parameters Affecting Displacement Estimates

For the purpose of illustrating the application of displacement estimates, a dual system with a typical
wall element was selected.  This is System B, details of which were presented in previous sections.
However, to examine the role of the wall element in displacement control, the study covered a range
of dual systems. With the aid of the information presented in Table 1, some important parameters,
associated with different walls of Systems A and C, are described here briefly.  The same frame
element is used. However, the aspect ratios of the walls are different.  This enables evaluations of
Systems A and C to be compared with that of the previously studied System B.

It was pointed out previously that, in terms of storey drift control, the effective aspect ratio of the walls
is a vital parameter.  Although the slenderness of the walls in the three systems is very different, the
effective aspect ratio, Ari = 3.6, a choice of the designer, was kept the same in all three example
systems.  This results in a nominal yield drift of 0.64% at the effective height, he, in each system.

The solid circles Figure 2(b) indicate that, as the effective height, he, changes with wall lengths, Dw,
i.e., he = Ari Dw, the relative contributions of the two elements to the resistance of overturning
moments and storey shear forces, need also to change. The important parameters applicable to the
three chosen systems, expressed as dimensionless ratios, are assembled in Table 1.

It is restated that the choice of the effective heights, he, was dictated solely by limiting nominal yield
drifts at those levels to 0.64%. As expected, the contribution of the frame element to the resistance of
overturning moments (Figure 2(b)) and storey shear forces (Figure 2(c)) increases as the walls become
more slender. When, in the vicinities of levels 4, 7 and 9, respectively, the limiting storey drift of
approximately 2.5% is attained, the displacement ductility demands imposed on the walls are very
similar, being a little in excess of 5. This is shown in row 9 of Table 1. The displacements used to
quantify displacement ductility capacities of walls are those at the levels of effective heights.

Table 1. Significant properties of three dual systems.

No System A B C

1 Wall length (Dw/h) 0.19 0.14 0.09

2 Aspect ratio (h/Dw) 5.26 7.14 11.1

3 Effective aspect ratio (he/Dw) 3.60 3.60 3.60

4 Effective wall height (he/h) 0.68 0.50 0.32

5 Frame storey shear (Vf/Vb) 0.37 0.46 0.57

6 Wall base shear (Vw/Vb) 0.63 0.54 0.43

7 Wall yield curvature (hφyw)102 1.89 2.57 4.00

8 Wall yield displacement (∆yw/h)103 2.91 2.14 1.37

9 Wall ductility (∆uw/∆yw) 5.12 5.14 5.09
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As stated by equation (1), the nominal yield curvatures of the walls, given in row 7 of Table 1, are
inversely proportional to wall lengths, Dw. It is emphasized again that the magnitude of the yield strain
of the reinforcing steel influences significantly the displacement ductility capacity of both the
elements and that of the system. It may be readily shown that, when 2.5% drift restriction controls
displacement capacities, with the use of Grade 500 steel the values of the displacement ductilities,
shown in row 9 of Table 1, would reduce by approximately 20%. In widely used strength-based
seismic design approaches, correspondingly increased design base shear forces would need to be used.

4.6 Bilinear Modelling of Element and System Behaviour

For the purposes of bilinear force-displacement modelling of the multistorey dual system and its
elements, the use of displacements at the approximate height of the accelerated mass, hm = 0.7h, is
preferable.  The estimated nominal yield and maximum displacements at this level of System B,
∆ym = 0.0034h and ∆um = 0.0153, respectively, are shown in figure 2(d).   In terms of the unit total base
shear, using equation (4), the stiffness of the two condensed elements of System B are kwalls =
0.536/(0.0034h) = 158/h and kframes = 0.464/(0.7x0.0117h) = 57/h, respectively. Therefore, as outlined
in section 3.3, the equivalent nominal yield displacement of System B is ∆ys = Vns/Ks = 1/(158/h +
57/h) ≈ 0.0047h.  The displacement capacity of System B, dictated by the 2.4% drift limit in the 6th

storey, implies then that the displacements ductilities relevant to the walls, frames and the system are:
µ∆w = 15.3/3.4 = 4.5, µ∆f = 15.3/(0.7 x 11.7) = 1.9 and µ∆s = 15.3/4.7 = 3.3. The corresponding
modelling of System B is shown at the center of figure 3.

Figure 3.  Bilinear modelling of three different dual systems

Similar studies of Systems A and C, discussed in section 4.6, resulted in bilinear modelling presented
also in figure 3.  A comparison of the force displacement relationships of the 3 systems, with wall
aspects ratios as recorded in row 2 of Table 1, reveals element contributions to strength, stiffness and
magnitudes of displacement ductilities.  Of particular interest is the influence of the slenderness of
walls on the displacement ductility capacity of a system.  Although the contributions to the system
strength of the wall elements are different in the three systems, the benchmark displacements of the
walls at level 9 are nearly identical. The identical displacement (∆us ≈ 0.015h) but rather different
displacement ductility capacities (3.8 > µ∆s > 2.8) of the three example structures, exemplifies
different consequences in strength and displacement-based seismic design procedures.

5 CONCLUSIONS

The displacement capacity of a system is limited by that of its critical element.  In the case of dual
systems, this is the wall element.

Predictions of displacement capacities rely on benchmark displacements.  These are related to nominal
yield and performance-related deformations.

Nominal yield deformations are conveniently derived from strain patterns at critical sections of
components.  These in turn are controlled by material properties, particularly steel yield strains.  Yield
deformations are insensitive to strengths provided.  Therefore, displacement predictions can be made
before the estimation of the required seismic strength of a system is attempted.
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For purposes of seismic design, bilinear modelling of force-displacement relationships should be
considered adequate.

Instead of using traditional codified system (global) displacement ductility capacities, the latter should
be made dependent on the displacement capacity of the critical element of the system.

The displacement capacity of a system is a vital ingredient of both force- and displacement-based
seismic design procedures.

Displacement estimates enable the hierarchy of plastification within the system to be identified.
Fractions of the required seismic strength may be freely assigned to components of the system (Paulay
2001b).  Thereby simple and practical structural solutions may be more easily obtained.
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